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This paper introduced a new definition of rough fuzzy sets based on a fuzzy ideal £ defined on a fuzzy approximation space (X, R).
This definition considered the degree r € [0, 1] in defining the after sets and the before sets of the arbitrary fuzzy relation R on the
finite set of objects X. It is shown that this new type of roughness is a generalization to many of previous definitions in the fuzzy
case and also in the ordinary case. As an application, it is given a rough fuzzy-connected set notion depending on some degree

r e [0,1].

1. Introduction

In [1], Pawlak initiated the notion of rough sets related with
an equivalence relation R on a finite set X. Subsequently,
researchers explored rough sets in the context of arbitrary
relations [2-6], as well as investigating the generated interior
and closure operators of rough sets and the existence of
a generated topology on X [7-9]. Some researchers also
studied rough fuzzy sets depending on previous notions and
notations [10-15]. Others explored the use of fuzzy ideals
[16] in fuzzy topological spaces [17, 18] and fuzzy ap-
proximation spaces [19] to generalize rough sets. Kozae et al.
[7] defined general rough sets using the intersection of after
and before sets of an arbitrary relation R on X, while Kandil
et al. [4] used the notion of an ideal to define rough sets in
the ordinary case. When the relation was symmetric, the
definition in [4] became a generalization of the definitions in
[2, 5, 7]. In [20], the authors used an arbitrary relation R on
X and an ideal £ on X to define a generalized form of
ordinary rough sets, which had a better accuracy value.
The motivation of this paper is coming from that the to-
pology defined by Sostak is more generalized than the topology
defined by Chang. That is, constructing structures and

topological notions in sense of Sostak is a good extension to
those notions. Rough sets were first depending on one pa-
rameter, the ordinary relation or the fuzzy relation defined on
the universe set X. After many research works, Kandil [4] and
Kozae [7] used a second parameter, the ordinary ideal or the
fuzzy ideal on X, and their definitions was generalizations of the
previous rough sets. But all these definitions are given in sense of
Chang, which means roughness without any degree. From that
point, we add here a third parameter, the degree r € [0, 1], and
thus define rough sets in sense of Sostak as a generalization of all
definitions given before. Neglecting the degrees r € [0, 1], we
are restricted to the definition of Kozae [7], which was a gen-
eralization of the definition of Kandil [4], which again was
a generalization of the previous basic definitions. From that
point, this paper will cure the gap between the roughness in
sense of Chang and the roughness in sense of Sostak.

In this paper, we propose a new definition of r-lower and
r-upper fuzzy sets of r-rough fuzzy sets, which depend on
the following three parameters: a fuzzy ideal £ on X, an
arbitrary fuzzy relation R on X, and a degree r € [0, 1]. Each
parameter affects the roughness of a fuzzy set in IX. This
definition generalizes and fuzzifies the definitions in-
troduced in [1-5, 7], and in the crisp case, it is identical to the
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definitions in [1-5, 7]. We also provide a more accurate
measure of roughness and several interpreted examples in
this paper. As an application of this new definition of rough
fuzzy sets and as a generalization of connectedness in fuzzy
topological spaces [21], we introduce the concept of rough
fuzzy r-connectedness. The authors in [22] concentrated on
giving a comparison between using minimal neighborhoods
and maximal neighborhoods in defining rough fuzzy sets. In
[22], the study was based on fuzzy sets in sense of Chang
[23]. Since the fuzzy sets in sense of Sostak [24] paid at-
tention for the degrees r € I and it was more general than the
definition of Chang, then we define in this paper the
roughness with some degree for fuzzy sets in a new style.

Throughout the paper, let X be a finite set and I is the
closed interval [0, 1]. Denote for (0, 1] by I,. IX refers to all
fuzzy subsets in X, and £ (x) = 1 - &(x) Vx € X, V€ e IX. A
fuzzy point x, at t e is defined by x,(x)=t and
x,(2) =0Vz#x. A constant fuzzy set f for any t €I is
defined by f(x) =tVx € X. Infimum and supremum of
a fuzzy set & eIX are given as inf&= A y&(x) and
sup &=V, x&(x). If f: X— Y is a mapping and
(eIX,v eI, then

FOW= v

(

((x), VyeY,
») (1)
) = e f)

Recall that the fuzzy difference between two fuzzy sets
was defined in [17] by

0, ifé<(,
<£A0={0 f=¢ ©)

ENCS, otherwise.

In [16],a map £: IX — [ is called a fuzzy ideal (F-ideal)
on X if it satisfies

1) 2(0) =1,

Q) E<(=2£(8)=¢(0) for all §,( e I,

(3) VD=2 (E)NL() for all £, € TX.

The triple (X, R, £) is called a fuzzy ideal approximation

space (FIA space). Define the fuzzy ideal #° as an F-ideal #
such that Z({) = 0V #0.

2. r-Lower, r-Upper, and r-Boundary Region
Fuzzy Sets

Here, we define rough fuzzy sets in a fuzzy approximation
space (FA space) (X,R) in a generalized form in Sostak
sense. The definitions will be based on the degree r € I and
the fuzzy relationship R (x, y) between each pair of elements
of X.
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Definition 1. Let X be a finite set and R: X x X — I an
arbitrary fuzzy relation on X. Then, for any x € X, define the
fuzzy sets xR, Rx € I* as follows [6]:

xR(y) =R(x,y)andRx(y) = R(y,x), VyeX. (3)

Definition 2. For each x € X and r € I, define an after fuzzy
set r-x-: X — I as follows:

rVxR(y), ifR(x,y)=0.5 r>0,
rkx-(y) =4 rAxR(y), ifR(x,y)<0.5, r>0, (4)
0, ifr=0.

Definition 3. For each x € X and r € I, define a before fuzzy
set Fx-r: X — I as follows:

rVRx(y), ifR(y,x)=0.5, r>0,
Fx-4r(y) =4 rARx(y), ifR(y,x)<05, r>0, (5)
0, ifr=0.

For all r eIy, rFx+4 or Fx-r is representing the
strength of the bond between an element x and any element
in X so that their membership values are from 0.5 and up to
1 whenever R(x, y)orR(y,x)>0.5 and less than 0.5 and
down to 0 whenever R(x, y) or R(y, x) <0.5. In particular,
Ix4(y) =R(x,y) whenever R(x,y)<0.5 and
1+x4 (y) = 1otherwise, Fx-41(y)=R(y,x) whenever
R(y,x)<0.5 and Fx-41(y)=1 otherwise. 0FxH (y) =
FxH40(y)=0Vy € X, which means that OFxH =
Fx-0=0Vx € X. Thatis, according to the degree r = 0, we
have empty fuzzy sets all time, and so we will not consider
the case r = 0 in all the following results. For any r € I, if R
is reflexive, then r Fx 4 A Fx-r>x, Vx € X. Thatis, if R is
reflexive, we ensure that for any x € X and any r € I, we
have nonempty fuzzy sets r-x-, x-r, and these fuzzy
sets contain at least the fuzzy point x,. If R is symmetric,
then rx+ = Fxr for all r € I and will be denoted by
FxHT

Definition 4. Define for any a € X and any r € I, the fuzzy
sets Fa-R, RFa- e I* as follows:

Fa4dR= A rExH,
xeX,rkx-(a)>0
(6)
Rra+ = A Fx-r.
xeX,kxr(a)>0
For any a € X, define R-a-4R: X — I as follows:
Rra4R=tF+a4dRARFaH. (7)
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Definition 5. For every x € X, define £,,&" € IX of a fuzzy
set £ € I by
VXRI—x—|R(x) , if#/(RFx4RAE)=0andZ(RFx4RAE) =0,
zZE
S(x)=q if #(RFx4RAE)>0, (8)
| 0, if /(RFx4RAE) =0andZ(RFx4RAE) >0,
| VXRI—x—iR(x), if /(RFx4RAE) =0and ¢ (RFx+HRAE) =0,
ze
Ex) =10, if £/(RFx4RAE)>0, 9)
| 1, if(REFx+4RAE) =0andZ(RFx+4RAE)>0.

The roughness, with degree r € I, of a fuzzy set £ € X is
defined by

fR = f/\ f* bl
g =gve
&, is the r-lower fuzzy set of £ and & is the r-upper fuzzy
set of £. The r-boundary region fuzzy set of £ is &° given by

&= ER/_\ER. The pair (X,R) will be called a rough fuzzy
approximation (RFA) space.

(10)

Definition 6. For every rough fuzzy set & € IX, define the
accuracy fuzzy set a (&) € I%, for all x € X, by the following:

(), ifE L&,

1, otherwise,

oc(f)(x)={ (11)

and moreover, the accuracy value of the rough fuzzy set & is
given by Inf (a(£)).

If we neglected the degree r € I along the paper, then we
do not need equations (4) and (5) and only use equation (3)
in the previous Definitions 4-6 since
rkx-4 =xRandFx-r = Rx, Vx € X.

Whenever & is so that &8 <&p, we get that £ =& = R
and then &° =0 and Inf(a(f)) =1. If =0 and £ =1,
then & =T and Inf (a(£)) = 0.

Otherwise, £& = Ef A (ér)  and 0 < Inf (« (§)) < 1. That is,
the largest r-boundary fuzzy set is associated with the lowest
accuracy value and the converse is true. If Inf («(£)) = 1,
then £ is crisp with respect to R (¢, = X and £ is precise with
respect to R). If Inf («(£)) = 0, then & is totally rough with
respect to R. Moreover, if 0 < Inf («(£)) < 1, then £ is rough
with respect to R.

Lemma 7. Let R be a fuzzy relation on X, r € 1, £ an F-ideal
on X, and &, { € IX. Then, the following properties hold:

1) & = ((£),)5 & = (€Y
20 =0and1, =1,
(3) < implies that £, <, and & <7,

(4 GAO"<E N,

(5) GvO. 28, v,

©) N <& N,

(7) GV =& v,

(8) If £(§) >0, then & = 0. Moreover, if £ (£%) >0, then
E, =1

Proof. For (1), it is clear that (£%)° = (&9),, (£,)° = (&),
and thus & = ((£),)" and &, = ((§)")".

For (2), we have (0)* (x) = 0, Vx € X from equation (9)
and (1), (x) = 1, Vx € X from equation (8), and then 0" = 0
and 1, = 1.

For (3), itis proved from the definition of the F-ideal and
equations (8) and (9).

For (4) and (5), we get it directly using the result in (3).

For (6), we get that £, A{, > (§A(), directly.

For (7), we get that £&* v {* < (§v ()" directly.

For (8), since #(&) >0 implies that £(RFx4RAE)>0
and thus & (x) =0, Vx € X. Hence, £ =0. Similarly,
£(&E)>0 implies that Z(RFx4RAE)>0 and thus
E.(x)=1,Vx € X. Hence, &, = 1.

Note that if we have the trivial F-ideal # for which
£(1)=1, then &, =T and & =0, and hence &, = &8 = ¢,
and, therefore, any fuzzy set has accuracy value
Inf(a(é)) =1. O

Remark 8. Let R be a fuzzy relation on X, £ be an F-ideal on
X, and ¢, { € I*X. Then, the following results hold in general.

(1) E¢E, £ £8andELE £E, £,

(2) EAD"£E AT and (EN0), £E,.NC,,
() (€v{.£&. v, and EV) £E VT,
(4) & =0=(8)>0.

(5)E, =1=2(8)>0.

The following example proves the results in Remark 8.

Example 1. Letr = 0.4 € I, and R be a fuzzy relation on a set
X ={a,b,c,d} as follows.
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R a b c d

a 0 0.2 1 0.5

b 0.6 0 0.8 0.5

c 1 0.5 0.6 0.6

d 0.9 0.6 1 1

0.4Fa- ={0,0.2,1,0.5}, 0.4+rb4 ={0.6,0,0.8,0.5},
0.4+cH ={1,0.5,0.6,0.6}, 0.4+d- =1{0.9,0.6,1,1} and
Fa-0.4=1{0,0.6,1,0.9}, Fb-40.4=1{0.2,0,0.5,0.6}, FcH
0.4=1{1,0.8,0.6,1}, Fd-0.4=1{0.5,0.50.6,1}. Then,
Fa-4R=1{0.6,0,0.6,0.5}, +Fb4R=1{0,0.2,0.6,0.5}, +cH
R =1{0,0,0.6,0.5}, Fd4R=1{0,0,0.6,0.5} and RFla- =
{0.2,0,0.5,0.6}, Rrb- ={0,0.5,0.6,0.9}, Rtc+H ={0,0,
0.5,0.6}, RrdH ={0,0,0.5,0.6}, and then RFa-R-=
{0.2,0,0.5,0.5}, RFb4R = {0,0.2,0.6,0.5}, RFc+R = {0,0,
0.5,0.5}, RFd4R = {0,0,0.5,0.5}.

(1) Consider an F-ideal £ on X so that Z(v)>
0, Vv < 0.4; otherwise, £ (v) = 0. Then, we compute
&,, & for a fuzzy set £ = {0.1,0.9,0.3, 0.6} as follows:
£, =1{0.8,0.8,0.4,0.5}, & = {0.2,0.2,0.6,0.5}.
Hence, &,<&"<E<E \\and& <&, <&<&  and
thus (1) holds.

(2) Let (=1{0.6,0.2,0.9,0.2}, we get that ("=
{0.2,0.2,0.6,0.5}, (, =1{0.8,0.8,0.4,0.5}, and so
(" =¢&"={0.2,0.2,0.6,0.5}, (,=¢&, ={0.8,0.8,0.4,
0.5}. For &A{=1{0.1,0.2,0.3,0.2}, we get that
(EAO* =0. Hence, & Al*=1{0.2,0.2,0.6,0.5} <
0= (§A{)". Also, we get that (A (), =0>{0.8,0.8,
0.4,0.5} = &, AL,. Thus, (2) is proved.

(3) Again, for &v{=1{0.6,0.9,0.9,0.6}, we get that
(§v{),=1. Hence, ((V{),=1<& Vv{, ={08,
0.8,0.4,0.5}. Also, we get that (§v{)"=1<
{0.2,0.2,0.6,0.5} = & v {*. Thus, (3) is proved.

(4) Now define an F-ideal # on X so that
Z(v) >0, Yv<0.5; otherwise, #(v) =0, and con-
sider the same fuzzy set & ={0.1,0.9,0.3,0.6}. We
compute &,,&" as follows: &* =1{0,0,0,0}=
0,¢, =1{1,0,1,1}. That is, &* = 0 while £ ¢ #. That is,
(4) is proved.
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(5) Moreover, if ¢ is defined on X so that
¢ (v) >0, Vv <0.6; otherwise, Z(v) =0, then &, =1
while & ¢ £ and thus (5) is proved.

Lemma 9. The r-lower and r-upper fuzzy sets of fuzzy sets
satisfy the following properties:

(1) Eg<E<E,

(2)0,=0"=0andT=1 =1,
(3) EVr2&x VgV eIk,
(4) EAOR<ERAIRVE C e TX,
(5) E<( implies that £g <y and EX<{"VE (e T¥,
(6) (gAC)RﬁfRA(RVE>C eI,
(7) EVOR2EVIRVE (e 1K
(8) (8% = (&g and (&) = (E)°
9) (ER)R >Ep> (&R

(10) (E%p <& < (EHR

Proof. From (10), Lemma 7, we get easily the proof of all
these results. O

Remark 10. As in the usual case, if R is a reflexive fuzzy
relation on X, then &, <&<&*,v& ¢ IX. In this case, the
equality holds in both of (6) and (7) in Lemma 7, and thus
the equality holds in both of (6) and (7) in Lemma 9.

Moreover, as in the usual case, if R is a reflexive and
a transitive fuzzy relation, then (£3)p = & and (ER)R = &R,

If we consider R a reflexive fuzzy relation on X, then
a fuzzy pretopology 7, on the RFA space (X, R) is generated
by the following:

TR :{v el*iv= vR} or Ty :{v eIy = (VC)R}' (12)

That is, the condition () = &, V& € IX is not satisfied.

If we consider R a reflexive and a transitive fuzzy relation
on X, then a fuzzy topology 7y is generated on the RFA space
(X,R) by equation (12) as well. That is, the condition
(Ep)g = &x, V€ € TX is satisfied.

In the following, using only the after fuzzy sets (using
before fuzzy sets is similar), it will be defined a weaker
definition than Definition 5.
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Definition 11. For every x€ X and re€l, define
£,.8" eIX of £ e IX by
’<VXI—Z—|R(x)>, i £(Fx4RAE) = 0and £(F x4 RAE) = 0,
ze
§n (=9 if £(Fx+4RAE)>0, (13)
| 0, if£(Fx4RAE)=0and(Fx+4RAE) >0,
i VXI—x—|R(x) if£(Fx4RAE) =0andZ(Fx4RAE) =0,
ze
() =10 if£(Fx4RAE) >0, (14)
[ 1 if £/(Fx4RAE) =0and (x4 RAE)>0.
1, if RFx4RAE =0,
The roughness of a fuzzy set £ € IX is defined by £, (x) =
_ 0, otherwise,
= = * 15 _
§ =&, andE=EvET, (15) . L ifRFx4RAELD,
where ¢ is the r-lower fuzzy set of & and £ is the r-upper (x) = 0, otherwise,
fuzzy set of &. (16)

The r-boundary region fuzzy set B(&) of £ is given by
B() = EAL.

All the results given in the section are satisfied exactly,
only the main difference is coming from equation (7). That
is, RFx4R< Fx-4R,Vx € X. Hence, Definition 5 gives us
an r-boundary region fewer than that of Definition 11.

Theorem 12. It is clear by definitions the following:

(1) §€,.<&,, and then & <&,
(2) & <&, and then E* <&,

Example 2. As in Example 1, where r =04 and
velov<04, we got for &£=1{0.1,0.9,0.3,0.6} that
£ =1{0.2,0.2,0.6,0.5}, &, ={0.8,0.8,0.4,0.5}, and then
fR ={0.2,0.9,0.6,0.6}, & =1{0.1,0.8,0.3,0.5}. That is,
£ =1{0.2,0.2,0.6,0.5}.

From equation (11), we get that a (£) = {0.9,0.9,0.7,0.9},
and then Inf («(£)) = 0.7.

If we used Definition 11, we get £** = {0.6,0.2,0.6,0.5},
£,.=10.4,08,0.4,0.5}, and then ¢&={0.6,0.9,0.6,0.6},
£ ={0.1,0.8,0.3,0.5). Thus, B(&) ={0.6,0.2,0.6,0.5} and
& < B(¥). Hence, the boundary region of Definition 5 is
better than the boundary region of Definition 11.

In case of v € £ ©v<0.5, we get that £, ={1,0,1,1},
£* =0, and then & = {0.1,0.9,0.3,0.6}, &, = {0.1,0,0.3,0.6}.
That is, £ = {0.1,0.9,0.3, 0.4}. Moreover, a (¢) = {1,0.1,1, 1}
and Inf (a(&)) = 0.1.

Note that if we discussed the crisp case or the classical
case (v € {0,1}), then we have R as a classical binary relation
on X that has at least R(x, y) = 1 forsomex, y € X and an
F-ideal ¢ = {0}. Hence, the first branch in equation (8) goes
to zero, and the first branch in equation (9) goes to one.
Thus, Definitions 5 and 11 will be as follows:

0, otherwise,

1, ifFx4RAE =0,
f**(X)={

e 1, ifFx4RAED,
& (x) = ,
0, otherwise.

That means Definition 5 will be the same meaning of
rough sets in the ordinary case using the intersection of after
sets and before sets of a classical binary relation R on X. Also,
Definition 11 will be the same meaning in the ordinary case
only using after sets of the classical binary relation R on X.

Here, recall some definitions in the ordinary case, and we
will see that Definition 5 is a generalization for all of them in
the fuzzy case and also in the ordinary case under suitable
restrictions. That is, we neglected the degree r € I in our
definitions in the fuzzy case.

In the fuzzy case, we can define the fuzzification of the
definitions of Pawlak [1], Yao [5], Allam [3], Kandil [4], and
Kozae [7], respectively, in the following:

(1) Let R be a fuzzy equivalence relation on X,
Fx4R;xeX is a fuzzy set defined by
Fx4R(y) = R(x, y). For any fuzzy subset A of X,
the lower fuzzy approximation A and the upper
fuzzy approximation A are defined so that

A (x)>0e Fx4R<A,
_ _ (17)
A(x)>0 Fx4RAA#O.

(2) Let R be an arbitrary fuzzy relation on X. For any
fuzzy subset A of X, the lower fuzzy approximation
A and the upper fuzzy approximation A are defined
so that

A (x)>0oxR<A,
_ _ (18)
A(x) >0 xRAA+0,
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where xR is the after fuzzy set of x defined by
xR(y) = R(x, y).
Moreover, Rx is the before fuzzy set of x defined by
Rx(y) = R(y,x).

(3) Let R be an arbitrary fuzzy relation on X, <p>Ris
the infimum of all the after fuzzy sets xR containing
p. Then, for any fuzzy subset A of X, the lower fuzzy
approximation A and the upper fuzzy approxima-
tion A are defined so that

A (x)>0 Fx4R<A,

— _ (19)
Ax)>0e Fx4RANA#0,
where FpdR, for any pe X, is defined by
FpHdR = /\0<xR(p),x5XxR. Moreover, RFpH =
A 0<xR(p),x€XRx-

(4) Let R be a reflexive fuzzy relation on X and L be an
F-ideal on X. For any fuzzy subset A of X, the lower
fuzzy approximation A and the upper fuzzy ap-
proximation A are defined so that

A (x)>0& (FxH4RAA%) €L, (20)
A(x)>00 A(x)>0, (Fx4RAA) ¢ L. (21)

(5) Let R be an arbitrary fuzzy relation on X. For any
fuzzy subset A of X, the lower fuzzy approximation

A and the upper fuzzy approximation A are defined
so that
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A (x)>0oRFx-HR<A,

_ _ (22)
A(x)>0RFxH4RANA#0,
where R+ p4 R is defined by: R-p4R = FpdRARF p.
The previous definitions are deduced as special cases for
the roughness of a fuzzy set in a RFA space (X, R), from
Definition 5 and equation (10).

Remark 13. From equations (8) and (9) and neglecting the
degree r € I, we get that

(1) if we have an equivalence fuzzy relation Rand ¢ = ¢°
on X, then our definition will be the fuzzification of
the main definition given by Pawlak in [1].

(2) if we have a symmetric fuzzy relation R on X and the
F-ideal # = ¢° on X, then our definition will be the
fuzzification of the definition given by Yao [5] and
also the definition of Allam [2].

(3) if we have a reflexive and symmetric fuzzy relation R
on X, then our definition will be the fuzzification of
the definition given by Kandil [4].

(4) If we replaced the F-ideal £ on X with the F-ideal
¢ = ¢, then our definition will be the fuzzification of
the definition given by Kozae [7].

In the crisp case, we get exactly the definitions in the
ordinary case as given in [1, 2, 4, 5, 7], respectively.

| Yao [21], Allam [1]

/

Definition 2.5

For a fuzzy set & in a FA space (X, R) where R is a re-
flexive fuzzy relation, we get a C ech fuzzy interior operator
intg: IX x Iy — I, and a C ech fuzzy closure operator
clp: I* x I, — I, as follows:

intR (5’ 1") = ER)
cp(&7) = &~

(That means intg (intg (&, 7)) #intg (&, 1) and
clg (clg (& 1)) #cl (&, 1)).

Also, from equation (15), we can define for any & € I*
a C ech fuzzy interior operator I: IX x I, — I, and a C
ech fuzzy closure operator Cg: I* x I, — I as follows:

(23)

IR (E’ 1") = §> (24)
CR (E) 1’) = E

It is clear from Theorem 12 that the C ech fuzzy interior
operator int, and the C ech fuzzy closure operator cl have
the following properties related with the C ech fuzzy interior
operator I and the C ech fuzzy closure operator Cp:

intg (§,7) =1z (&, r)andcly (§, 1) <Cr(&7), Vrely,Vée I~
(25)

Note that the fuzzy operators «cly, Cp of
£=10.1,0.9,0.3,0.6} in Example 1 (where r = 0.4, R was not
reflexive) are not even C ech fuzzy closure operators while
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both are computed as cly (1) = R = {0.2,0.9,0.6,0.6} <
Cp(&,7) =& =1{0.6,0.9,0.6,0.6}.

Considering R as a reflexive and transitive fuzzy relation,
then we have a fuzzy interior operator and a fuzzy closure
operator on (X,R) generating fuzzy topology 7; as in
equation (12). In this case, the usual properties of fuzzy
interior and fuzzy closure operators are satisfied as follows.

Lemma 14. The following conditions are satisfied.

(1) intg (0,7) = 0, inty (1,r) = 1,

(2) intg (v,r) <v,Vr € I, v € 1%,

(3) v<n=inty (v,r) <inty (1,7),Vr € I, v, € IX,

(4) intg ((vVvn),r)=intg (v,r) Vintg (y,1),  intg ((vA
n),7) = intg (v, 1) Aintg (1, 7), Vr € Iy, v, 17 € I%,

(5) intg (intg (v, 1)) = intg (v,1),Vr € I, v € IX.

Proof. (1) and (2) are clear.

From (5) in Lemma 9, we get that (3) is satisfied.

According to Remark 10, and from (3) and (7) in Lemma
9, we get (4) is proved.

Also, by Remark 10 and from (9) in Lemma 9, we get that
(5) is proved.

Thus, intg (&, 7) is the fuzzy interior of £ in the RFA space
(X, R) generating a fuzzy topology defined by

g ={v eI v=inty (v,r)}. (26)

Note that I (¢,7) of any & € IX in the RFA space (X, R)
with R as a reflexive and transitive fuzzy relation is also
generating a fuzzy topology defined by

wp={rer:v=T(»n)}, (27)

and thus this is coarser than that one generated by intg (, 7).
That is, wp < @p.

Note that cy(WRr)=  cg(wr),VrelyvelX,
intg (vg, 1) = intg (v,7),Vr € I,y € IX,  inty (0, 7) = (cly
(v,7))° andcly (05, 7) = (intg (v, 7))Vr € Iy, v € IX.

Similarly, where R is reflexive and transitive, we have the
following. O

Lemma 15. The fuzzy closure operator satisfy the following
conditions:

(1) clz(0,r) =0, cly (1,r) =1,

2) cy (v, 1) 29, Vr € I, v € I%,

(3) v<n=cy(v,r)<cly(n,7),Vr € Iy, v,n € IX,

(4) clg((vAR),r)<clg (W r)A clg (g, 1), clg((vVvr),r) =
cdr(nr)Velg(n,r),Vre Iyv,n eI,

(5) clg (clg (v, 1)) = clg (v,7),Vr € I, v € IX.

Proof. Similar to Lemma 14.

Hence, from clz (0, 1) = (intg (v,7))", clg is a fuzzy
closure operator generating the same fuzzy topology
given above.

As an application of these generalized rough fuzzy sets,
we discuss rough fuzzy-connected spaces with degree r € I,

using fuzzy closure operators where R is a reflexive and
transitive fuzzy relation. O

3. r-Connectedness in Rough Fuzzy
Approximation Spaces

Definition 16. Let (X,R) be a rough fuzzy approximation
space (RFA space), r € I, and £ an F-ideal on X. Then,

(1) The fuzzy sets {,v € IX are called rough fuzzy ap-
proximation r-separated (RF r-sep.) if
cp(&r)Anv={Aclz(v,r)=0.

(2) A fuzzy set 5 € I* is called rough fuzzy approxi-
mation r-disconnected (RF r-disconnected) set if
there exist RF r-sep. sets {,v € IX such that { Vv = .
A fuzzy set n is called rough fuzzy approximation
r-connected (RFr-connected) if it is not RF r-dis-
connected. In other words, if there exist no RF r-sep.
sets {,v except { =0 or v = 0.

(3) A RFA space (X,R) is called RFr-disconnected
space if there exist RF r-sep. sets {, v € IX such that
{vv=1. A RFA space (X,R) is called RFr-con-
nected if it is not RF r-disconnected.

Remark 17. Any two RF r-sep. sets {, v in I* with respect to
the fuzzy closure operator Cy defined by equations (22) and
(24) are also RF r-sep. sets as well from equation (25). That is,
RF r-disconnectedness with respect to the fuzzy closure
operator Cp implies RFr-disconnectedness and thus,
RF r-connectedness implies RF r-connectedness with re-
spect to the fuzzy closure operator Cy.

Example 3. Let X = {a,b,c,d},r = 0.6 € I, ¢ an F-ideal on
X, and R a reflexive and transitive fuzzy relation defined by

R a b c d

a 1 0 0.4 0

b 0 1 0.4 0

c 0 0 1 0

d 0 0 0.4 1

0.6Fa- ={1,0,0.4,0}, 0.6-b4 ={0,1,04,0}, 0.6
Fc4 =1{0,0,1,0}, 0.6-d- ={0,0,0.4,1} and Fad 0.6 =
{1,0,0,0}, Fb-0.6 = {0,1,0,0}, Fc-0.6 = {0.4,0.4,1,0.4},
Fd-0.6 ={0,0,0,1}. Then, a4 R ={1,0,0.4,0}, rb4R =
{0,1,0.4,0}, FcH4R = {0,0,0.4,0}, Fd R = {0,0,0.4, 1} and
Rrad ={0.4,0,0,0}, Rrb4 =1{0,0.4,0,0}, Rrc- =
{0.4,0.4,1,0.4}, Rrd4 ={0,0,0,0.4}. Then, Rta-
R=1{0.4,0,0,0}, RFb-R=1{0,0.4,0,0}, RFc4R={0,0,
0.4,0}, R-d R = {0,0,0,0.4}.

Consider #(v) >0V v<0.5, otherwise # (v) = 0, then for
any ¢ € IX we have Z(RFx-4RAE)>0,Vx € X, and thus
£ =0. That is, &% = cly (&,7) = & for any & € IX. Hence, we
could choose & = {0,0,0.5,0.1}, { = {0.7,0.2,0, 0} so that the
fuzzy set (£Vv{) ={0.7,0.2,0.5,0.1} is a rough fuzzy set for
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which clp (§, )AL = Encly ({,r) = EAL =0. Thus, {0.7,0.2,
0.5,0.1} is an RF r-disconnected set.

Note that: If we kept the above R and ¢, r was any value
in I, the above result will not be affected. But if we kept R
and changed to an F-ideal ¢’ so that ¢’ (v)>0,Vv<0.3,
otherwise #’ (v) = 0, then the above result still not affected
only if r<0.3. Also if we kept the first F-ideal £ but we
changed the three values “0.4” in the fuzzy relation R to be
“0.5” then the above result still not affected only if r <0.5.

The deduction is that the three choices of r € I, R, £ play
the main role in the computations of £* for any & € I and
then the resulting rough fuzzy set HR=l r(&,7), and so we
could find a pair of RF r-sep. sets as shown above, and thus
we can find a fuzzy set which is RF r-disconnected. Hence, in
general, a fuzzy set is an RF r-connected set unless we restrict
the choices of r € I, R, ¢ in a particular way. Under this
restriction, one can catch a pair of RF r-separated sets for
which their union equal this fuzzy set.

Remark 18. Let (X,R) be an RFA space. Then, (X,R) is
RF r-connected implies it is also RF r-connected with respect
to the fuzzy closure operator Cj, as defined in equations (24)
and (26).

4. Conclusion

In this paper, we introduced the roughness of fuzzy sets with
degree r € I, for a fuzzy set £ € IX that explains the fuzzy
roughness depending on the degree r of the fuzzy set &.
Constructing rough sets in sense of Sostak is a good ex-
tension to the fuzzy rough sets defined before. Rough sets in
this paper depend on three parameters. First is the ordinary
relation or the fuzzy relation defined on X. Second is the
ordinary ideal or the fuzzy ideal on X. Third is the degree
r € [0, 1]. This paper defined rough sets in sense of Sostak as
a generalization of all definitions of rough sets given before.
In the crisp case r € {0, 1}, we are restricted to the definition
of Kozae [7], which was a generalization of the definition of
Kandil [4], which was a generalization of the previous basic
definitions. From that point, this paper cures the gap be-
tween the roughness in sense of Chang and the roughness in
sense of Sostak. This generalization concludes many of the
previous definitions of rough fuzzy sets as special cases, and
so it is as a good extension of the roughness in the fuzzy case.
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